BRL
|| O
c./A

) =
= w (i <
ol - & T i
a < w - P =
© 2 Z o & 1ot

-~ = Mn | —- F ¢
w =< MW 1 M

2 x oo + <
220 ¥ =
- << 20 I Z

@ - 8 “ & ¥
o — | B ok -3

T—=x o = 9 > c OPR Ll {1

— wn < D = e — b

- = = n 22 o 3a =g
- “H < . = m o, O O g% (a"4

- - o Ay o Ed > &
> > m _W o Ed = ez ¥ G

L (=] E & g
- g . - D\ . . n‘w ﬂ o n_ | . A ’

’ N ©C s == SmEd ¥ (O
———% z u = D “
F———— % © x £ = um sI <
E . me o R | S

——ey <C (7] ' c § 3
== o = b= = @ ) f O
e m—— nw o — = © _m -— : R
T R = < » T o.

e I — - LJd (7 2 0 5 7.

= S=—=. S & o g =

F———— I~ W = - a Z
m == S e Qo w O Q< L._ E
“ == - e [ (5} Lid A. E

QW [ et 1
= « = ) : -
- - X m. ce R
’ - o 1 Lbd
e T T e T Y P B
L ] e s o Hqi.i.l\rh.nulwﬁr M 4“.11..!.]1 ot = ¥ A

J— A - i N,



-«

ASTTA AVAILABILITY NOTICE
Qualified requestors may obtain copies of this report from ASTIA.

The findings in this report are not to be construed
es an official Department of the Army position.




BALLISTIC RESEARCH LABORATORTIES
REPORT NO. 1180

NOVEMBER 1962

DETERMINATION OF VISCOELASTIC MOD

I NSTANTS FROM
DYNAMTC MECHANICAL PROPERTIES OF LINEAR

EL CO
VISCOELASTIC MATERIAIS

W. Goldberg
N. W. Dean

Interior Ballistics Laboratory

Depertment of the Army Project No. 517-06-002

ABERDEEN PROVING GROUND, MARYLAND

TUOOTINMAL LITTARY
U 3 L7000 CERULROR
ADELRDELE :.0°v BG GEOUXD, MD.
OBUDBG-IL



BALLISTIC RESEARCH LABORATORTIES

REPORT NO. 1180

WGoldberg/NwDean/b j
Aberdeen Proving Ground, Md.
November 1962

DETERMINATION OF VISCOELASTIC MODEL CONSTANTS FROM
DYNAMIC MECHANICAL PROPERTIES OF LINEAR VISCOELASTIC MATERTALS

ABSTRACT

A semi-analytical method of détermining the generalized Voigt model which
represents the dynamic mechanical properties of a linear viscoelastic material
over a range of frequencies of three decades is presented. This model
representation is shown to be equivalent to the differential operator formulation
of the linear viscoelastic stress-strain law. The method is applied to complex
creep compliance data for N.B.S.polyisobutylene at 22 different temperatures.

In general, the compliances calculated from the models differ from the

experimental data by less than 5%.

A summary of spring-dashpot model theory is presented in Appendix A. The
equivalence of the differential operator stress-strain relation and the

generalized Voigt model is demonstrated in Appendix B.
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INTRODUCTION

A number of commonly used materials such as plastics, rubbers, fibers,
etc. exhibit viscoelastic properties such as creep and relaxation. A case
in point is the solid propellant rocket fuel where elastic analyses are
inadequate for relatively long time conditions, such as slump during storage,
and for extremely short-time dynamic conditions, such as impact and sudden
acceleration. Problems such as these are currently being solved using techniques

(1), (2)*

techniques is dependent upon the formulation of the linear viscoelastic stress-

of the theory of linear viscoelasticity. However, the application of these
strain laws from experimental data in such a manner as to represent the mechanical

properties of the actual material.

Presented in this report is a semi-analytical method of determining the
generalized Voigt model which will accurately represent the dynamic mechanical
properties- of a linear viscoelastic substance over a range of frequencies of three

(3)

decades. This model representation is equivalent to the differential operator

formulation >f the linear viscoelastic stress-strain laws.

The method employed is based upon the analogy between linear electrical

(&), ()

is constructed to represent the generalized Voigt model. The asymptotic

networks and spring-dashpot mechanical systems. A transfer function
approximation method originally devised by Baum is used in conjunction with
a least squares computer program to determine the viscoelastic model
constants from dynamic creep compliance data. This method can be applied

to viscoelastic materials exhibiting a wide range of dynamic mechanical
behavior and represents a significant improvement over previous model fitting

(3)

techniques.
LINEAR ISOTHERMAL VISCOELASTIC STRESS-STRAIN RELATIONS

In the theory of linear isothermal viscoelasticity, a viscoelastic solid

is specified by the existence of a relation connecting stress, o, and strain, e:

() [] ,

Superscripts indicate references at the end of this paper.




~~~~~~

where P and Q are linear differential operators with respect to time. Thus,

a° r _
P = p, +P gt P dte + .o 4D g;; (2)
2
Rra va dig L2 (3)
9] 1 dt 2 dt2 . *m dtm AR

The p's and q's are constants which represent the mechanical properties
of the material at a given temperature. These constants cannot be measured

directly, but must be calculated from experimental data in which both the

-

stress and strain are known as functions of time. Although the stress-strain,
g - €, relations for a linear%y‘vigcgelastic material may also be represented
by hereditary 1ntegrals,(l)’ (2), (5) it has been found that the determination
of the stresses in a viscoelastic body subjected to transient loading is
considerably simplified if Eqs. (1), (2) and (3) are used to specify the

material behavior.

MODEL REFRESENTATION

e expression E’[a] = Q E;] is often visualized as a mathematical

representation of a mechanical model, consisting of a network of springs and
dashpots. A summary of the theory of spring-dashpot models is presented in
Appendix A. The model used to describe the mechanical properties of materials

in this report is the generalized Voigt model.

FIG. i. THE GENERALIZED VOIGT
MODEL

@
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This model exhibits both instantaneous elasticity and long-term creep and
is mathematically bet?er suited to describe experimental dynamic creep data
than is the generalized Maxwell model. The operational form of the stress-

for this model is then given by

1

¢ S
1 . 2 N 1
_—? C E +n.—d
T )

i dt=

a(t) (k)

EERS SN (D)

MPIEY CREEP COMPLIANCE

The steady state response of this model to a sinusoidal stress is given

o
<<

) = £ = (@) - 10(0) (5)

where the time dependence of both € and o is of the form enﬂt. This ratio, J¥,
compliances respectively. The non-zero imaginary function, J"(w), implies a

phase difference between the oscillations of stress and strain. Both J' and J" are
functions of w which can be measured experimentally over the frequency range of
interest. Substitution of steady state sinusoidal variation in Eq. (4),

N N L A . a ... . - . . P
which means replacement of the operator — with iw, and comparing with Eq. (5)

dt
yields
n
i 1 A 1
P) =gt Y 2L E T (6)
o o rcEl J
J=1
and therefore
E E
Me) s gt t e t 7 (7
EO B+ n. w B +n
1 L n in
n
<~ E.
=E'_l+ ) -
0 f;f E,” + w1,
J=1 J



n,w n,,® i
@) st —g——pp t o s (8)
‘0 El tn e En +n,
I
I S S
'P‘O(D E2+q2m2
LBy J
J=4

The complex compliance may also be written as the ratio of two polynomials.
In Egs. (2) and (3), let r = m; this corresponds to a viscoelastic material
exhibiting instantaneous elasticity. Then choose P, = 1 and 4G = 03 this allows
for the presence of an isolated dashpot which permits long term viscous flow.
eium o
€ J'*’*(_a:.)ej“/‘nt 9

and from (2) and (3) we have

il

Then if o

1}

. .. A2 . am ) it
P [&:}= [i + pylw + Py (10)™+ ouo + pm(im) _!e - (10)
and
-r_ i 2 m Qiu-)-b TAE R
Q [6__)" J* (iw) l_qliw + qg(iw) + owe. + qm(iw) e (11)
but
plo]=a[e]
Therefore
2 -
1+ pin+ pg(iw)“ el + pm(ico)Lu
(1) = — = (12)
qliu) + q_e\iw} + ees + qm\lw)

Now let iw = s. Then

2 m
P P8 + P8 + oo + DB
_Dbis) _ 1 2 m 7723
H(e) = Q55 - 2 ‘ (43)
8 +Q8 + ... + Q858
q-'l Q.E ‘m
Cauer,(7) Alfrey, Gross and others have shown the analogy between electrical

networks end mechanical models. From this analogy, H(s) is defined as the
system transfer function, and exhlbits the same properties as the transfer
function for an RC network. The equivalence of the differentisl operator

0 - € representation and the generalized Voigt model is presented in

10



Appendix B along with a discussion of the properties of the system transfer
function H(s). Another convenient form of the transfer function H(s) can

be derived by letting A, Ay, Agy eee A be the roots of the equation
-+ = J

]
LT e

e
}..J
+.
w
.|...
ol
W
6]
.|..
.+
4
]
O
—~~
'_.l
=
"

The properties of H(s), as found in Appendix B, require that the T
be negative real constants. Then H(s) may be written in the form
N k{s - Hl)(s - Hp) eee s - “m)

v/ . R T 0 W JEWAY
H{S) = J™(S) = (410)

s(s - Xl)(s - Xe) vee (s - Xm—l)

where k is a positive real constant. This form of H(s) is useful in

calculating p(s) and q(s) once the A; and p, have been determined.

DETERMINATION OF MODEL CONSTANTS FROM
DYNAMTIC CREEP COMPLIANCE DATA

Having shown that the generalized Voigt model is equivalent to the

differential operator description of viscoelastic material behavior, the

dynamic creep compliance data consists of values of J' and J" at different

values of w. From the relations

1

J7¢| = V()= + ()° (17)
and

p ' _l Jll

w = tan -7
the values of lJ*l, the absolute value of the complex compliance, and @, the

phase angle, are calculated.

The graphical, semi-analytical method reported by Welch,
h

originally applied to circuit synthesis is then used to determine

Jit

1

approximate location of the poles of the transfer function, H(s). This
method consists of (1) construction of a graph of @ versus log w and (2)

construction of a graph of log !J*! vs log~m from the experimental data.

11



Careful study of the phase angle plot, along with some knowledge of the effect

of various spacings of poles and zeros on the phase angle as a function of
frequency, resuits in an initial placement of the poles and zeros.\g) The
possible location of these poles and zeros is then verified on the graph |J*]

vs w. These poles are located at s = LA, in the complex s plane. These values of

dJ
Ay are then substituted into Egs. (7) and (8) along with the relation

Ay Ej/nj (Appendix B) to yield (18)
by
' 1 Xl/ql XQ/HQ “n/nn
J((D)-‘:"E"" - 5 2'— ) 2‘-.-...‘.—"——?—-—-—72
0] xl + W X2 + W Xn + W
(19)
) . o/, o/n, w/n_
J(w) = + + + ceeaees + =
n- o . 2 2 2 2 2 o
9) hl + W X2 + w xn + W
NowletEE:A,-—%zB; —=l~=cj (20)
0 o N5
Then Eg. (15) becomes
e/ chl )\'ncn
J\CD)=A-'—"§-"-—"§—00.‘-.--—'2—‘—'§—
Xl + W xn + W )
(21)
1 \ B aﬂl X U’cn
J"(tﬁ;‘:a'*—‘—é"-——é"f.....'.*f""-é'—‘—é
}vl + o .I\\n + W

Eqs. (21) are then solved for the values of A, B, and C, using experimental

dats for J' and J" at from 8 to 16 different values of i. The solution of
this overdetermined system is obtained using a least squares program on the
BRL ORDVAC digital computer. This program applies Legendre's principle, as
outlined in Reference 10, to solve the normal egquations derived from the
overdetermined system of linear equations. The computer uses the values of
and calculates positive A, B, and C, along with the values of J!' and J" at

&

J

J
the different values of w for comparison

with the input dats. Since the relative

experimental error 1s generally constant, the least squares program minimizes
(12)*

the relative error in the fitting procedure.

This procedure has proven more effective than the method employed in Reference 11.

|
\V]



Study of these results provides indications as to possible motion of
the poles and zeros of H(s) to improve the data fit. For example, if the

first choice of the poles Xj is in error, the constants C,, as calculated

J

do not correspond to a
3 = xk results in only
C, being negative, thus providing a clue to the source of the trouble. Once

k
the A, B, and Cj are known, the values of Ej and,qj can be determined from

by least squares, are negative. These negative C

J

spring dashpot model. Possible error in only one A

Eqs. (18) and (20). The problem of generating p(s) and q(s) from the E, and

o J

nj is most easily approached through the equivalence of two forms of H(s).

Ilet iw = s in Eq. (6) and substitute Fq. (20) to get

J%(s) = H(s) = A + g + ZE"-%’ (22)

kK =A= El
0
and the Wy are the roots of the equation,
5. NS
-+ ———— = -
A+s :E: s -, -0 (23)
3=l v

Solution of Eq. (23) using the BRL ORDVAC digital computer by means of successive

gubdivision of the intervals between Xj and A, ., provides the values of the by

J+i
APPLICATION OF PROCEDURE TO N.B.S. POLYISOBUTYLENE

Published data for N.B.S. polyisobutylene,(lg) Table No. I, are used to
provide an example of the application of this procedure. The data for 22
different temperatures are fitted, since this represents a wide range of
viscoelastic behavior. The results of these calculations are tabulated in
Tables No. II and No. IIT and are illustrated in Figures 10 thru 18. Figures 2
thru 9 show the graphs of ¢ vs log w and |J*| vs log w for four characteristic
. temperatures; -hO{hOC, -29.800, —9.900, and +50.0°C. These § vs log w graphs
indicate considerably different viscoelastic behavior, and therefore the
location of the XJ, as ﬁell as their spaéing, requires some knowledge of pole

and zero interaction.

15
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TABLE I SUMMARY OF DYNAMIC MECHANICAL DATA ON POLYISOBUTYLENE

TeC Frequency® cps 30 40 45 6 72 8 100 140 200 210 280 400 600 800 1000 1400 1500 2000 2800 3000 4000 4200 5100
Zas T ; -~ 051  O.M5 036 01 . . . .
Jr cmt/dyne(X107) e 0.M5 e2u 030 0166 012 018 omSs ool ooy g.gz 00508 00088
04T ne (X109 0308 0364 0212 0198 0163 0167 0149 0137 0129
o cm?/dyne .- 0.823 0.617 04% 0411 03% 028 020 0177 0151 0129 0107 00921 0.0651
SUT T e (X109 om0 0571 0478 0387 0308 0254 0248 0216 0.8 0.165
J” yne 2.20 1.59 117 0858  0.505 0660 0566 0467 0367 0304 0268 0214 0182 0.130
T 141 119 0997 0852 065 0512 0440 0398 0368 0278 0.220
7 3.9 2.92 2.07 170 143 113 102 079 0639 0553 0486 0415 0336 0.248
=B U e (X109 - 254 217 181 148 125 101 ORS 0703 0625 0526 042 032
- e c?/dyn 6.79 4.98 366 297 239 180 158 12 102 080 0777 0622 0558 0.421
S99 T e (X100 650 523 3% 32 28 225 18 152 1 103 0947 0792 0.646 0.526
s 5" yoe 118 8.91 . 6.56 "‘ﬁ :?‘) - 4 g.g g.g 1.2 1.37 1.3 0.9 0.893 2 0.687
- ’ 15 R96 748 617 5. : ' X ; I 147 SO 0e9 0752
7 em?/dyne(X107%) o5y s 122 102 8§76 6% 547 2 340 268 191 < 140 110
-9 T imexiey 19 us 120 100 R0 -706 5K 47l 355 278 243 218 182 125 108 105 -
Jo cm?/dyne 311 25 188 B8 137 N0 854 681 535 419 344 294 229 219 158 184 -
=80 T e(xioy DB 50 192 162 137 MO A7l 6% 535 409 340 290 TTe 142
7 cm*/dyn T 27 779 n2 04 163 129 104 839 621 515 443 e 302 208 e
S 010 T amerxiow 304 372 301 250 212 168 131 104 78 577 498 4% 34
w ST 5 3 Ps 23 w0 21 i35 122 sw T8 s - SO
. ’ 5. 56.3 s 321 ; s 752 12 48T e e .-
Jocmt/dyne(X107) - opg 612 %5 %4 09 9 15 Bno 179 136 14 103 813 e e -
08 T dme(xioy 106, 802 662 M6 42 3NS5 2O B3 68 iz7 104 .02 868 513 3.8 3.2
J cmt/dyn 86.8 761 679 %06 538 460 379 318 254 200 172 185 105 102 788 5.88
M8 T e dmecxiom MO no. 927 T2 664 81 421 34 U9 176 157 132 9852 --- 7172 608 5.00
7~ cm?/dyn %4 888 89 48 716 613 496 410 330 263 236 209 154 -~ 143 109 821
19.8 J’ em/d (X107%) 176. 144, 124 108. RS 710 57.1 46.9 357 26.1 218 18.8 oo 10.9 8.92 7.04
J” yue 99.4 %8 932 874 #8 751 64.8 519 443 358 29.8 2.2 e 19.4 14.8 1.7
B0V ame(xiow 204 18 182 158 1%, 19, %4 790 63 512 385 321 27t 207 187 121 894
202 5" yoe 102 93.6 107. ::o 978 952 lgu g.o :}3 _53.; g.o 410 33;.4 30.1 a.g m 18.6
y ’ 1 154, o 0w, 0 7. 8 462 P 22 X e
R il P - SO L B R I B w2
wo = = mom e s w7 om2omoap i@ :
.| ’ Tl . 1. 217. . q. 146. . 8.. . b .
ws cm?/dyne(X107) 76.9 8.0 MO0 A3 9§30 91 74 W3 s m7 o W3 s
y 307, 286, 78, 8. 251 225, %, 17T ML 125, 13 898
ws cm?/dype(X107%) 57 L 2 me el e SJ2ojon @ w3 71 M7
. ’ . . 3 . . . 21. 188. cee .o
S Ao I I N S : :
SR o R - o oy
J cm/dyne(X107) 234 %3 M2 311 317 BE 02 41

* REF. 12 - TABLE 2
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MECHANICAL DATA ON POLYISOBUTYLENE

TASLE IT. SUMMARY OF CALCULATED DYNAMIC
e FREQUEREY CPS 10 40 as 80 7 80 100 140 200 | 200 280 | 400 600 800 | tooo | 1400 | 1500 | 2000 | 2300 | 3000 |4000 | 4200 | 5100
w RADIANS /SEC. | 188.50 | 251.33 | 282.74 | 376.98 | 452.39 | 502.66 | 628.32 | 870.85 |1256.6 | 13185 |1759.3 | 2513.3 | 3769.9 | 5026.6 |6283.2 |8796.5]9424.8 | 12586 [17593. | 19850, |25133.] 26389. | 32044
-448 ) ) E“!iﬁTiE(lD") .i54 150 182 134 128 A8 ] 104 0878
e " as2 | .ue|  oswo| .ove3| .oess 0858 | 0471 0376 0310
-404 | - .30 263 21| 93 1l ez 246 | 138 125 109
r 348 289 | 230 | are | 48| 128 0880 | 0842 0700 0580
-3 |y " a2 580 A03 | 3e1| 33 2| e 2| e 184 132
» 2l s 883 s3] an0 ] 3es 300 ] 258 200 | 170 131 .103
-298 | 1 o 138 | L 1380 sl ees| s21| 452|404 329 | 283 223 154
I 1.88 | 142 118 100 823 | 6T 545 | a1 385 | 33 amn 209
=250 | & " 2.52 2.18 1.80 1.45 1.28 1.04 845 J22 438 508 432 345 .28l
» 3.56 295 | 242 1.89 1.58 128 | 102 as | 815 | 523 419 349
-19.9 ) 1 " 8.4i 5.28 4.05 338 | 2.18 218 1.84 15 | 123 | ros 988 86 | 668 510 388
’” 1.8 T 6.52 525 | 4.23 321 210 | 213 | 163 138 | 22 988 | 850 e 808
-4 |y " s 8.89 147 621 | 546 | 4w 3.58 2.94 240 | 194 149 88 | 14
e 15.7 149 12.2 1.} ers | o148 5.52 442 | 350 | 22 ] L1 | 1w
X EIES " 20.0 45 e 8.87 | a10 7.08 5.64 .52 358 | 2.8 238 | 2.1 185 | 136 | 106 | 10l
I 30.2 229 8.8 15.5 13.4 10.8 8.89 702 | 555 | 4.2 352 | 307 242 | 204 | 183 | 155
-50|s " 298 234 18.) 15.6 13.3 0.7 .53 681 | 528 | 398 328 | 2.83 174 | 140
» 39,0 321 2.8 232 | 204 18.3 13.1 10.7 853 | 653 | 539 | 465 288 | 221
- 010y " 409 374 305 s o21d 183 12.6 998 | T80 | s | 500 | 43 3.21
» 545 4s. 38.9 334 208 | 242 19.3 155 | 123 956 | 71.96 | 689 531
| " 4.8 568 | 45.8 T2 | 318 253 19.8 158 | 120 902 | 740 | 632 487
Ik 6 éié 5.8 83 §i0 | 340 HE 225 | 84 | 143 .8 |83 188
as |y " 108, 807 65! 54.3 488 | 315 29.2 22.1 3| 129 10.5 8.94 659 | 5286 | 4.03 3.07
>’ (77 ] Mo | 688 60.4 542 | 480 384 320 | 260 | 20.2 189 | 147 "3 937 | 139 5.62
48 " 138. . 93.2 7 868 | 52.9 4.2 325 | 250 |1 153 | 13.0 103 193 | 6.4 468
e 96.5 894 | 82.5 75.2 69.2 | 598 50.2 420 |38 | 213 230 | 200 16.2 3.0 104 8.02
ICERES . 1 tas. 125. 108, o3 730 | st a5 358 |21 23 |19 1.8 LN 665
e 918 979 | 948 893 | 837 | 742 63.8 $3.8 | 444 | 357 | 305 |26.9 179|145 e
25.0 | " 203. 186, | 178 159. 138 1220 | 993 19.3 644 (SI4 | 389 (31T |21 213 162 |21 8.84
e 100. 100. | i0o. 99.8 97T 945 | 86T 76.0 8.2 | 588 | 473 | 408 | 343 30.3 B6 (25 is.i
0.2 " 197 156, [131. t08. 890 | 714 | 552 | 456 |38 236|183
I 104. 102. 95.9 8.0 8.7 | To | 584 | 524 lar2 330|214
4.9 (1 " 220. 204, 189.  |Iss. 140. 1s. 939 | 743 | 623|537 2. 26.0
r 99.4 [ 100, 100, |iot. 88.2 913 [ a4 | T00 | 628 |[sT4 487 30.2
4008 ) . 278, 253. Peas.  lair. les e, ur. iz 055 1o a1 544
e 1 (TX] | 936 | 956 | 963 95.5 930 |01 | 81T |[732 |e57 53.8
500 |4 o 310. 285. cjas len o eso 224, 199, [iTe. |45 [125.  [10a. 88.9
e 56.0 6.2 4.4 | 80 [ 800 5.5 $6.6 [ 855 [ 927 | a5 | 830 1.3
508 | . 310, 299, !zm 282, |288. 254. 131 A FIT T (T T B
e 40 a4 54.0 | 587 | 658 3.5 8.4 | #9s |97
0.0 1y " 325. 3. HIR 299,  |29s. 5. 215|257
e 32.3 35.1 1 38.8 39.8 | 439 50.3 | se8 | T
855 | J . 35i. 3T 35, | 307 300, 358, a8 (27
e 235 | 281 | 29.2 | 208 3.5 347 | 39,8 | 463
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TABLE TIT
Mode) Constants

% A B ¢ c, c, c, c
2 . 2 .
%;% (x 1679) m%"{% (x 1079) s k209

B ) .05519 237.7 <5395 349.2 L487.
-G .06347 213.7 2u3.7 329.3 156.1 2817,
3u.7 .08636 282.3 288.4 T79-1 80.34 334.3 2689.
-29.2 .05545 683.2 570.6 913.6 534.6 1367. 520k,
_25.9 L1130 1091. 1134, 607.0 2530. 1157. 6928.
-13.0 .07215 1620. 1297. 220k. 3572. 14710
-3t.8 k062 1535. 2133. 2283. 3200. 12810
-3.9 -5033 979.3 5000. 2268. 5319 3055. 18470
-5.0 .8822 . u3T9. Ti51. "1287. 10910 19260
-G.1 1.078 2399. H57. 12070 15690 31290
.9 1.843 38h4L, 16800 11480 18790 43560

2 1.629 Lo91. 23010 9168. 30640 L0070 53370
+1%.3 2.336 1939. 19930 33730 43220 37170 97970
+19.8 2.978 566k . 36290 53280 85110 160700
+25.0 3.365 4756, 13110 71380 122600 264500
+30.2 3,654 LTbL, 58810 113000 200500 396000
3.9 17.56 11470 26250 14600 32720 374300
+40.0 31.78 3220. 51460 29460 236600 268300
+50.0 52.3k4 910.8 883 135700 12420 664300
+59.3 10.93 168.0 6630. 39800 293400 1913000
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On the graphs of log J¥ +vs log w are shown the straight-line

(8), (9)

calculated poles and zeros. These straight-line approximations do not completely

approximations made by the method of asymptotic slopes, using the

follow the calculated curve in some cases; this effect results from the

interaction of errors. The approximation error at an isolated pair of critical

values Hyo ki is given b5(8)
2
y(x,) () 1 .
i
logl;—(—)- = Log Sy - Lo V2 - 5 10 (1 + ?) (24)

1

It a pair of critical values in which the ratio ;% is fairly large is followed

b; a pair in which it is relatively smaller, the iwo errors may interact. However,
such fluctuations are of little impoftance, since in most cases a knowledge of

the phase angle will permit the approximation to pe made with sufficient accuracy
for the use of the computer program»mentioned previously. In 90% of the trials
made in fitting the polyisobutylene data, the first choice of the xJ provided a
fair fit for the experimental data. These models generally were within iS% in

the middle range of data with some having errors of i;o% at the extremes. Slight
ad justment of the xj resulted in models which fit the data at 92% of the data
points with an accuracy of i5% and with only one data point deviating by more than

10%.

Of significant importance ig the fact that once the LJ have been determined
for a particular set of experimental datea, introduction of new date which
are more or less consistent with the old does not require selection of new xJ,
but only requires the use of the computer program to recalculate the other model
perameters. As an example, recent data on polyisobutylene at T = 25 0(15) which
differ from the Fitzgerald date by approximately 10% were fitted using the same
XJ. Then by teking the geometric mean of the two sets of model constents, the
model which best fits all the experimental data was determined and the resultant

values of J' and J" are displayed in Figures (19) end (20).

21



co

J', cM2/pyNE (x1079)

FIG. 10 - SHEAR COMPLIANCE J' FOR POLYISOBUTYLENE
AT INDICATED TEMPERATURES

vs. W
10.0 | I
' —— COMPUTED CURVE
x| X FITZGERALD - GRANDINE-FERRY DATA
5.0 \
p N
¢
o X
N N
2.0} - ?&\x\
K\x\ ] \‘x‘ \x\
1.0 S XT—X\
- x , \x‘ l ’N
~ N b4
= e \\ \
O°5” \\\ x\. x\
I "\ x| TN & _isscc
] s S| -25(13
X\ ~ X\ l
0.2 — x.\ \ |
s XX x\,’f -29.8
ol “X\&\"__—aoa
E -44.6
005 C { 1 1 1 11 1 1 1 111 1 1 I 1 J-LL”
100 200 500 1000 2000 5000 10,000 20,000 50,000 100,000

w, RADIANS/SEC



¢e

FIG. Il = SHEAR COMPLIANCE J' FOR POLYISOBUTYLENE
AT INDICATED TEMPERATURES

vs. W
loo.oF | ] —
Py —— COMPUTED CURVE
\ X  FITZGERALD-GRANDINE— FERRY DATA
50.0 ><.~\>< ~<¢
N \
' L x\\' \X
20 ol= x \x\x T\"
& N N \x SN
: N \
X
~ ianl x\ : \y \ x \
w V.V \x "\ \ &
Z E \ \ x N
= N N
3 \ A . 3¢ M
S 5.0 - \x \\&\&\ \"‘\*\X t+ 49°C
Y |. x|\ ’\\x - 0.10
\ .
x\ \v
2.0l - \5(\ '\\ K
| N x x\
"'\\RA -5.0
1.0 S -9.9
% | -14.8
QQ5 } 1 1 1 11 1 [ 1 1 11 ] 1 1 111 ‘
100 200 500 1000 2000 5000 10,000 20,000 50,000 100,000

w, RADIANS/ SEC




00000}

23S/ SNvIQvy‘m

(O

o's

00¢

0°00I

ANITALNGOSIATIOd HOd

S3UNLVYIdWIL J31vIIdNI 1V
' 3ONVITdWOD HV3HS — 21 91d

0'002

0’004

00005 00002 00001  000S 0002 000!l 00S 002 (]o]]
ﬁ].. 1 TT T 1 - T 11 1
86 +
X//.x
g8vl + X// ‘Xz
861 4 s | N X
x [
P /../ /X/ /
062+ X [X N D&
N\ /X/
u.A/ //I x;
N,
% / %o N\
. \, */x -
208 e Ny x| XN
/ .,/ /J.. Jf
6've x N % / N .
NN O N TSN o
Illl % /x X/IX// , Ix.l/ -
ux/ .XIV I/I , XIV Vﬁ/ P&
AX/ _ ¢ Y/ Y > UX/ lx
L N NN (DY .
/.x ¢ Vf/ N .X/x p 4 -
: SNoc e SN S ,
7008 IS SN -
N X XL ™ ™~ . _
X, N X N
™~ > ~ ~. X, X
S a/J X X L
¢ x
T :
VIVQ ANY34 - INIONVHO- 0IWH39ZL4 X —X—x -
JAHND J31NdN0D ——
_ _
(M ‘SA



Ge

FIG. I3 — SHEAR COMPLIANCE J' FOR POLYISOBUTYLENE

AT INDICATED TEMPERATURES

vs. W

1000.0

l

|

COMPUTED CURVE
X FlTZGlERALD-GRANDlNE- FERRY DATA

500.0|:
?ﬂ t ¢
x r Q\X Tq(\x~\x\x x\_x |800° C
=~ ' e X~x
w 200.0 p N \\x 50 R
5 ~\x 93.8
& ' Sx
o~ ‘ \\h
Z 100.0 ‘\\x
- n N\
- C T
50.0 ~ \< 40.0
L #* REDUCED BIY FACTOR OF 10.
" SR S SR O
I x | XT R TX—x g9 ¥
2o.ol .| L1 1 l'lll FEN

@, RADIANS / SEC




J* CM% DYNE (x 10°%)

FIG. 14 — SHEAR COMPLIANCE J" FOR POLYISOBUTYLENE
AT INDICATED TEMPERATURES
VS.
4.0 w | T
X | [
— x —— COMPUTED CURVE
N X  FITZGERALD -GRANDINE-FERRY DATA
2.0 ™S
x N
< X
™~ e
Y \x
i-o e & \\ \).\~
|— X A
o = L_- x\\ '(\. x'\'{
o) 'x‘ > Ty
B \“ \§ \x\x °
\\ N ”\x\x —250°C
S \
0.2 S % X _—29.8 |
‘X\ ¢
X \
\ -
0.1 x“\,,,, \\x _ \x —342 |
— N R
o >6\>< \34-
e N T~ —404
0.05 '\"6\
- X
- S~x —446
0.02
300 500 I000 2000 5000 10,000 20000 50,000 100,000
w ,RADIANS/ SEC

26



J3S/SNvIavy ‘m
000'0S 00002 000'01 000S 0002 000l 00§ 002 ool
T T T T 1 T T ] v
O0v+ | x —
66l . X N OOl 40 HOlOV4 A8 Q30NA3,
/x X..IX -
/ N _X —
X~ i TR VR PO T Ho
" 23 o'l
8'vl- v/ ../ .
/ / N oz o=
A nc - X e ¢ o
YoV 3 TN IIIVA l/L =
/ /v/ /—6
N N X ] 2
/ RS X -1 z
5% // X//x /r.X// 0°S H:l
x x
/x //x /Ix o . |.|.l IO...
III ~, ~N ] ~ b .
N XN x
i X/x /
/X/A < X 002
viva
AHY34 - ONIGNVHO -3vd39Z11d X -
3AHND ow._.D_n_s_OO — B
_ — 0'0S

S3HNLVEIdNG L o....q&az_ iv

IANITALNGOSIATOd H04 ,L£ 3JONVITdWNOD YV3IHS - Gl "9id

~

Fras

27

7
RUB

DA
8¢ GEOUR

OBLBG-TL

Ling ]y

T
b

-
CEDY

e
PAEE Y

TEdI
U«

ABERDELY 717

D Mp.

-

i



Qe

FIG.

6 — SHEAR COMPLIANCE J

J-ll

FOR POLYISOBUTYLENE

AT INDICATED TEMPERATURES
vs. W
200.0 T I ]
— COMPUTED CURVE
X FITZGERALD - GRANDINE- FERRY DATA
100.0 3= >:<-x\&
- X ~x.
N . Txe TN \X\‘
ol, \:‘ x\ X >\,(
o - ¢ N \x\ |
= RO N N
w 20.0 s X% -
z x\ \ \x\ ™ +250%
h X
< N x\l\x\\
S X " ~ 7 Xay %
s 99F o = R Ny R NG I N N
. — e D XN [ X +148
— "\x\ X_ 0,10 X + 9.8
50 x
- \ +349° %
2.0
% REDUCED BY FACTOR OF 10.
100 200 500 1000 2000 5000 10,000 20,000 50,000

@, RADIANS /7 SEC



5e

FIG. I7 — SHEAR COMPLIANCE J" FOR POLYISOBUTYLENE

AT INDICATED TEMPERATURES
VS. w

500.07 ‘ ]
—— COMPLETED CURVE
X FITZGERALD- GRANDINE- FERRY DATA

N

. ©
. {D
l_l ﬁ?

—~ 100.0 M S 2]
o - i SN —
19 '-. x\°<\ X\X\
= - \\x \’\
' o
%’ 50.0 i x~ \,<\
e \x \\x
" e o
= [ X X 30.2°C
_ - 20.0| N X
b * REDUCED BY FACTOR OF I0. \
00 . % 9.8
g N A X X X3
- ol TR 50.0 %
" y _
- x_/
50 L L1 11111 L Ll 11l
100 200 500 1000 2000 5000 10,000 20,000 50,000

w, RADIANS/SEC




0%

FIG.

I8 - SHEAR COMPLIANCE J" FOR POLYIS
AT INDICATED TEMPERATURES

vs. W

OBUTYLENE

7

100.0

50.0

J' cMZ/DYNE (x 109)

l |
— COMPUTED CURVE
X FITZGERALD - GRANDINE-

|

w, RADIANS / SEC

(-]
59.8° C
- ,X/'x
r *’!(x’ < 80.0
- X/’(X/ /X/;( 99.9
_ x~ ____,..x——“’/ //
B -
x| > x>
—ul /
xX
I . 111t | 1 | | 1 111
00 200 500 1000 5000 10,000




1000

C T T T T T T
B FIG. 19— COMPLEX COMPLIANCE J' FOR POLYISOBUTYLENE
- AT (T = 25.0°C)
- vS. W
500
200 B
ﬁN\Q_\
e O
o \dx\_
w4 F | \é\(
"5 } 9\.\
" 50 Q
2 | N
” ™ \Q\Q\Q\
..|- -
20 \L\\\(
10 : :
N ~—— CALCULATED CURVE \@
- ® FITZGERALD - GRANDINE—- FERRY DATA
- 4+ OWENS - DAHLQUIST DATA
s L1} ! L1l Jo ol 1.1l
0 100 1000 10,000

w, RADIANS/ SEC




¢

J'"'cM2/ DYNE (X 107°)

1000
-
500
200 AN
\ . ___[h -+ N
100 - w"az—b—*‘ﬁ U<
Nh
[~ )
\(_;)_\a\
K
20 —— CALCULATED CURVE “
© .FITZGERALD —GRANDINE - FERRY DATA o
+ OWENS -DAHLQUIST DATA ]
10 L1l ' N R 1111
10 20 50 100 200 500 1000 2000 5000 10,000 20,000

FIG.20— COMPLEX COMPLIANCE J" FOR POLYISOBUTYLENE

AT (T = 25.0°
vs. W

c)

&, RADIANS 7 SEC




SUMMARY AND CONCLUSIONS

The results show that the combination of the semi-analytical and least
squares computer program techniques readily produces models that fit
experimental data over a 5 decade range of frequency. The models generated
by this method can describe a wide range of viscoelastic behavior with a
nominal accuracy of iS%' The application of this method, however, is limited
to materials that behave in such a manner as to have |J*(m)| a monotonically
decreasing function of w whose slope is always greater than minus one when
plotted on a log-log graph. If the material does not quite meet this
criterion, as in polyisobutylene at T = -hh.6OC, +80.00C, and +99.9OC, then
the input data to the computer program must be adjusted to meet this requirement.
Otherwise, the least squares program will yield negative Cj in attempting to
fit the data. After making the necessary adjustments, the resultant model will

still closely approximate the material behavior.

As more and more experimental data become available, the models generated
by this method can easily be extended to fit a wider range of frequencies.
i hysical behavior of viscoelastic materials
with an accuracy that is of the order of experimental errors, they can be
used to formulate the stress-strain laws necessary to the solution of
analytical problems. Laboratory experiments can then be conducted using the
actual materials, and a comparison of analytical results with experimental

v

results can then be made.
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APPENDIX A
SUMMARY OF SPRING-DASHFOT MODEL THEORY

Combinations of spring and dashpot elements which form the spring-
dashpot models, have been found to provide a convenient means for constructing
a differential operator in order to approximate observed vigccelastic behavior.
The basic elements of these models, as well as the two basic combinations of

these elements are shown in Figure 1.

J T

T [
@ b (e (d)
SIMPLE VISCOELA

ELEMENTS

The spring (Fig. 1.a) represents the elastic response of the material, and
if o and € represent the stress and strain, then
oft) = Ee(t) | (1)
where E is a constant called the modulus of the spring.
The dashpot, consisting of & piston, cylinder, and Newtonien fluid,

represents the viscous flow of the material. The stress~strain relation is

o(t) = n 3 (2)
vhere n is a constant representing the viscosity of the fluid in the dashpot.

known as the Maxwell model, and (2) in para

=
=

-

or Kelvin model.

The stress—strgin relation for the Maxwell model 1is

de 1l do o -
FE@® Ty (3)



and for the Voigt model is

£
m

(%)

Comparison of the response of the Maxwell model and the Voigt model with

o(t) = Be(t) +n

2

[

actual materials has shown that models consisting of more elements are required
to accurately describe the mechanical behavior of vigccoelastic materials over a

significant range of frequencies.
CGENERALIZED MAXWELL MODEL

This model is an extension of the simple Maxwell model which can be used to

describe a viscoelastic material.

g 1 » LA )

L B A I L
< =27 EH M, ==1n

1 =

m
n
U

B oo B0m

for i=1,2, 3, ...n

0=0E0+0ﬂ0+01+02+-..+6n

g, =Ee

E, O

de ‘ (5)

0“0 =N 3

de {14 1

‘a€=LE 5-5+7r|—_]°l

_ 1 1
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de [ 1 a 1

— = | e e o ——— | O
at __13:2 at " q, |72
de [ 1 a 1]
w— T — — + — 0
dat -En t U IR

() |- (=) ; ————-—-—-Ei(a%) | (t) (6)
o(t) =1 By + nplgg) + 5| € ,
L i1 (E% + ﬁi)J

GENERALIZED VOIGT MODEL

This model is an extension of the simple Voigt model, and is the model
used to describe the mechanical properties of the materials considered in

this report. This model exhibits both instantaneous elasticity and long term

W WA v
AT S
-_'vv__l_l‘—_ —_ '00—1 - e
Eo Ny — L
T T2 Tn
FIG. 3. THE GENERALIZED VOIGT
MODEL

creep and is mathematically better suited to describe experimental dynamic
creep data than is the generalized Maxwell model.

o .

The stress-strain relations derived from Fig. 3 are given by:

0°E,
de
- ‘U
=% T
de, . (7)
=1 - +E.e¢
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de

°=En€n+qn—5%
e=eeo+eqo+el+52+...+en
Combination of Eqs. (7) yields,
[ & —l
e(r) = GH 4| Ly Lo
O Lpag 1= Bt

40
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BQUIVALENCE OF DIFFERENTTAL OPERATOR o - € RELATION
AND THE GENERAT.IZED VOIGT MODEL

The use of the generalized Voigt model to approximate viscoelastic
behavior is based upon the equivalence of the model's resultant differential
operator with the relation

Plo]=a ] (1)
The differential operator form, for the generalized Voigt model, as found in
Appendix A, is given by

e(t) = G}_gt)' + \'7 L. v——l———‘i a(t). (2)

d [, d
O Lﬂf\ 3L 2 _ " E.! + N, =
-V Avu 1=4 1 L Qv

—

For the case of steady state sinusoidal stresses and strains, we have found

that for the model

n
1 1 \ 1
T (i) = = + + {(3)
TN E iv /B, + iun * \AF
o o™ 4= J
Ietting J = iw
n
1 1 1
J*(g) = == + — + E —_— (L)
(=) Ey g E, + 1,8 ()
J=l J J

We have also shown that for steady state sinusoid.a.l‘stresses and strains, the
differential operator, ¢ - €, viscoelastic relation yields

1+ p iw + p,\(_:’t.u))Z T oeee + p,,(ia))m
1 [ m

J* (iw) = ——s = (5)
Qi + gy ()™ + .oo qm(iw)
Now let iw = s. Then
o m
o(s) l+pls+pgs +...+pms

To show the equivalence of Eqs. (6) and (L), let TRY k3, e Mg

. ‘ m=-1
+ q.8 + e e =
Ql q, ‘l)5 + + qms v 0

N

~
-3
-

ALS
4



The roots of this equation must be distinct, since we are considering
only non-degenerate models. Then, the partial fraction expansion for H(s)

is given by:

P p(r,)
1 1 J
H(s) = R — : (8)
Y B Zj___l 8- hya'hy)
Now let m - 1 = n, then
n
P U T e Y p(hJ)
H{8) —“--i—:-!'az-s-‘f/- P q_'(k.) (9)
1 5= J J

t
. 4 o i a'(r,)
0 pm ’ no ] ﬂj P )"J
(10)
nl("\" \
nd B = 1 J/ \
* IR OO S
which then ylelds
¥
XJ = - =, (11)
J

constants in the siress-strain law. For & real mechanical system, E, and n

are real positive constants (or zero). Therefore, the A, are real aid
negative. This is a property of the transfer function, ﬁ(s)z As a direct
result of the electrical network analogy,(u)’ (7), (8), (9) the following are
the properties of the system transfer function, H(s) for the generalized Voigt

model:

(1) all zeros and poles of H(s) occur on the negative axis of reals.

Ny |

(2) all zercs and poles are simple, and are interiaced in the pattern...

d N

pole-zero-pole-zero-...

(3) the highest critical frequency of H(s) is a zero; H(oo) is a

positive real number.

(4) the lowest critical frequency of H(s) is a pole which occurs at
the origin, s = 0; H(0) = .

42



No. of
Copies

10

'_J

Commander 1
Armed Services Technical

Information Agency
ATTN TIPCR

Commanding General
U. S. Army Materiel Command
ATTN: AMCRD-RS-PE-Bal
Research and Development
Directorate 3
Washington 25, D. C.
Commanding General
Frankford Arsenal
ATTN: Propellant and Explosives 1
Section 1331
Philadelphia 37, Pennsylvania

Commanding Officer
Picatinny Arsenal 3

ATTN: Library
Dover, New Jersey

Redstone Scientific Information

Center
AMIMNMT. ML A T A San ~ < A~
ALLINS LIJ.U.UJ., UULUJU.C.LJ.U u L, VLU
U. S. Army Missile Command 1

Redstone Arsenal, Alabama

Commanding General
U. S. Army Missile Command

ATTN: Deputy Commanding 2
General for
Guided Missile -
Technical Library
Redstone Arsenal, Alabama
Commanding Off#icer 2

Harry Diamond Laboratories

ATTN: Technical Information
Office Branch 012

Washington 25, D. C.

4=
N

of
Copies

Commanding General
Ammunition Command
ATTN: ORDLY-AREL, Engineering

Commanding Officer

U. S. Army Test Activity
ATTN:  ORDBG-TA-ET-AA
Yuma Test Station, Arizona

New Mex1co

Commanding Officer
Army Research Office (Durham)
Box CM, Duke Station

T coale e T mon 1o
urilall, J.VUL 9248

Carolina
Chief, Bureau of Naval Weapons
ATTN: RMMP-2

RMMP-331

RRRE-6
Department of the Navy
Washington 25, D. C.

Commander

Naval Missile Center
ATTN: Technical Library
Point Mugu, California

Commander

U. S. Naval Ordnance Test Station
ATTN: Technical Library Branch
China Lake, California



No. of

Copies

(=]

n

Organization

Commanding Officer
U. S. Naval Propellant Plan
ATTN: Technical Library

_ Y
Indian Head, Maryland

t

Commander

U. S. Naval Weapons Laboratory
ATTN: Technical Library
Dahlgren, Virginia

Commending Officer
Office of Naval Research

1030 E. Green Street
Pasadena 1, California

Director

Special Projects Office
Department of the Navy
Washington 25, D. C.
Commander

Space Systems Division
Air Force Systems Command

ATTN: TDC

P. 0. Box 262

Air Porce Unit Post Office
Los Angeles 45, California
Commander

Rocket Research Laboratories
Air Force Systems Command

ATTN:

Commander

Air Proving Ground Center
ATTN: PGAPI

Eglin Air Force Base, Florida

U.3. Department of the
Interior of Mines
ATTN: M. M. Dolinar, Reports
Librarian
Explosives Research
Laboratory

4800 Forbes Street
Pittsburgh 13, Pennsylvania

AN

o

Ly

Organization

Director
National Aeronautics and Space
Administration
ATTN:
and Educational Programs,
Code ETL
1520 H. Street, N. W.

Washington 25, D. C.

Aerojet-General Corporation
ATTN: Florence Walsh, Librarian
11711 Scuth Woodruff Avenue

Downey, Californis

Aerojet-General Corporation
ATTN: Librarian

P.0. Box 296

Azusa, California

Aerojet-General Corpcoration
ATTN: Technical Information Office
P.0O. Box 1947

Sacramento, California

Aerospace Corporation
ATTN: Library Documents
P.0. Box 95085
Los Angeles L5,
Allied Chemical Corporation
General Chemical Division
Research Laboratory ‘

ATTN: L. J. Wiltrakis - Security

ALLING
N3 o
viiilT

P.0. Box L05
Morristown, New Jersey

American Cyanamid Company
ATTN: Dr. A. L. Peiker
1937 W. Main Street
Stamford, Connecticut

Aeronautical Systems Division
Wright-Patterson Air Force Base,
Ohio

ATTN: ASRCEM-1

Office of Technical Information



DISTRIBUTION LIST

Linden, New Jersey

L5

No. of No. of
Copies Organization Copies Organization
1 American Machine and Foundry 1 The Franklin Institute
Company ATTN: Miss Marion H. Johnson,
Mechanics Research Department Librarian
ATTN: Phil Rosenberg Technical Reports Library
7501 North Natchez Avenue 20th and Parkway
Niles 48, Illinois Philadelphia 3, Pennsylvania
) r 7 J L Vadila
1  Armour Research Foundation 1l Hercules Powder Company
Illinois Institute of Technology Allegany Ballistics Laboratory
Technology Center ATTN: Library
ATTN: Fluid Dynamics and P.0. Box 210
Propulsion Research, Cumberland, Maryland
Department D
Chicago 16, Illinois 1 Hercules Powder Company
ATTN: Technical Information Division
1 Arthur D. Little, Inc. Research Center (Dr. Herman
ATTN: W. H. Varley Skolnik)
15 Acorn Park 910 Market Street
Cambridge 40, Massachusetts Wilmington 99, Delaware
2 Atlantic Research Corporation 1  Hercules Powder Company
Shirley Highway and Edsall Road Bacchus Works
Alexandria, Virginia ATTN: Librarian
Magna, Utah
1 Callery Chemical Company
Research and Development 1 The Martin Company
ATTN: Document Control ATTN: Library
Callery, Pennsylvanis Orlandc, Florids
1 The Dow Chemical Company 1 The Martin Company
ATTN: Dr. R. S. Karpink ATTN: T. W. Woodard
1710 Building Baltimore 3, Maryland
Security Section, Box 31
Midland, Michigan 1 Midwest Research Institute
ATTN: Librarian
1 Esso Research and Engineering 425 Volker Boulevard
Company Kansas City 10, Missouri
Chemicals Research Division
ATTN: Dr. J. P. Longwell 1 Minnesota Mining and Manufacturing
P.0. Box 51 Company



No. of

Copies

'._l

|_I

\N

DISTRIBUTION LIST

Organization

O
o
C_F
e}
. 5
o
57
H
<
0]
K
6]
[
ot
<

ATTN: Librarian
Princeton, New Jersey

0lin Mathieson Chemical

A M T o T omomoommm @ Tl mmn
HALLIN, I\U scar K..U. .b.L plar
Box 508

Marion, Illinois

Pennsalt Chemicals Corporation

ATTN: Dr. G. Barth-Wehrenalp
Box L4388

Philadelphia 18, Pennsylvania
Rocketdyne

ATTN: Library, Dept. 596-306

6633 Canoga Avenue
Canoga Park, California
Rocketdyne, A Division of North
American Aviation, Inc
+ 4

CAT4 A DwrAaniil ed An f\v\c\mn "
VOUL LW L oL UPMJ.DJ.U‘LJ. VLJCJ. (=1
ATTN: Library

P.0. Box 548

McGregor,>Texas

Rohm and Haas Company
Redstone Arsenal Research

Division
ATTN: Librarian
Huntsville, Alabama

Space Technology Laboratory, Inc.
ATTN: Mr. Robert C. Anderson
5730 Arbor Vltae Stre t

Thiokol Chemical Corporation
Redstone Division

ATTN: Technical Director
Huntsville, Alabama

Corporation

No. of
Copies

3

P

[

no

Lo

Organization

Olin Mathieson Chemical Corporation
Research Library 1-K-3
ATTN: Mail Control Room -
Miss Laura M. Kajuti
275 Winchester Avenue

New Haven, Connecticut

Thiokol Chemical Corporation
Rocket Operations Center
ATTN: Librarian

P.0. Box 1640

Ogden, Utah

=
(e}
|_.l
Q
b
(]
8
’J
o
}._J
(@]

orporation

B > b

ton, Maryland

Thiokol Chemical Corporation
Wasatch Division

ATTN: Library Section

Union Carbide Corporation
ATTN: B, J. Miller

270 Park Avenue

Hew York 17, New York

United Technology Corporation
ATTN: Librarian

P.0. Box 358

Sunnyvale, California

Wright Aeronautical Division
Curtiss-Wright Corporation

TI~A~A Toammontr

- N~
WUUU.-JAJ.\,L&C, NEW u€r oty

California Institute of Technology
Guggenheim Aeronautical Laboratory
ATTN: Dr. M. L. Williams

1201 East California Street
Pasadena L, California



\
VUM LCD

DISTRIBUTION LIST

Organization

Jet Propulsion Laboratory
ATTN: I. E. Newlan, Chief,
Reports Group
4800 Oak Grove Drive
Pasadena %, California

Dr. J. H. Baltrukonis
Catholic University of America
Washington, D. C.

Columbia University

Department of Civil Engineering
and Engineering Mechanics

ATTN: Dr. A. M. Freudenthal

New York, New York

Mr. J. E. Fitzgerald
Grand Central Rocket Co.
Redlands, California

North Carolina State College
Department of Mathematics
ATTN: Dr. J. W. Cell
Raleigh, North Cearolina

Dr. J. M. Klosner
Polytechnic Institute of
Brooklyn
Brocklyn, New York
Purdue University
Department of Chemistry
ATTN: Dr. Henry Feuer
Lafayette, Indiana

Mr. C. H. Parr
Rohm and Haas Company
Huntsville, Alabama

Southwest Research Institute
Department of Structural Research
ATTN: Dr. Robert C. DeHart,

NS v~
Director

8500 Culebra Road
San Antonio 6, Texas

No. of

Copies
malistncta—

5

10

b

Organization

Solid Propellant Information Agency

Applied Physics Laboratory
The Johns Hopkins University
Silver Spring, Maryland

Dr. W. A, Nash
University of Florida
Gainsville, Florida

Dr. H. H. Hilton
University of Illinois
Urbana, Illinois

Mr. Nathan W. Dean

c/o Physics Department
University of North Carolina
Chapel Hill, North Carolina

Physics Department
University of North Carolina

Chapel Hill, North Carolina

Defence Research Staff

British Embassy

ATTN: The Scientific Information
Officer

3100 Massachusetts Avenue, N. W,

Washington 8, D. C.

Defence Research Member
Canadian Joint Staff (W)

2450 Massachusetts Avenue, N.W.
Washington 8, D. C.



AD Accession No. UNCILASSIFIED
Ballistic Research Laboratories, APG
DETERMINATION OF VISCOEIASTIC MDDEL CONSTANTS FROM Elasticity -

DYNAMIC MECHANICAL PROPERTIES OF LINEAR
VISCOEIASTIC MATERIALS
W. Goldberg and K. W. Dean

Viscoelastic materials
Propellents -

ERL Report No. 1180 November 1962

DA Project No. 517-06-002
UNCLASSIFIED Report

A semi-analytical method of determining the generalized Voigt model which
represents the dynamic mechanical properties of & linear viscoelastic material
over a range of frequencies of three decades is presented. This modei
representation is shown to be equivalent to the differential operator formulation
of the linear viscoelastic stress-strain law. The method is applied to complex
creep compliance data for N.B.S. polyisobutylene at 22 different temperatures.

In general, the compliances calculated from the models differ from the
experimental dats by less then 5%.

Mathematical analysig

Mechanical properties(

D Accession No. UNCIASSIFIED
Ballistic Research Laboratories, AFG
DETERMINATION OF VISCOELASTIC MODEL CONSTANTS FROM Elasticity -

DYNAMIC MECHANICAL PROPERTIES OF LINEAR
VISCOEIASTIC MATERIALS
W. Goldberg and N. W. Dean

Mathematical analysis
Viscoelastic materials
Propellants -

Mechanical properties;
BRL Report No. 1180 November 1962

DA Project No. 517-06-002
UNCLASSIFIED Report

A semi-analytical method of determining the generalized Voigt model which
represents the dynamic mechanical properties of a linear viscoelastic material
over a range of frequencies of three decades is presented. This model
|representation is shown to be equivalent to the differential operator formulation
lof the linear viscoelastic stress-strain law. The method is applied to complex
"creep compliance date for N.B.S. polyisobutylene at 22 different temperatures.
'In general, the compliances calculated from the models differ from the

‘experimentel data by less than 5%.

A summary of spring-dashpot model theory is presented in Appendix A. The A summary of spring-dashpot model theory is presented in Appendix A. The
equivalence of the differentiel operator stress-strain relation and the equivalence of the differential operator stress-strain relation and the
generalized Voigt model is demonstrated in Appendix B. ngneralized Voigt model is demonstrated in Appendix B.

AD Accession No. UNCIASSIFIED AD Accession No. UNCLASSIFIED

Ballistic Research Laboratories, AFG
DETERMINATION OF VISCOELASTIC MODEL CONSTANTS FROM
DYNAMIC MECHANICAL PROPERTIES OF LINEAR
VISCOEIASTIC MATERTALS

W. Goldberg and N, W. Dean

Elasticity -

Viscoelastic materials
Propellants -

Mechanical properties

BRL Report No. 1180 November 1962

DA Project No. 517-06-002
UNCIASSIFIED Report

A semi-analytical method of determining the generalized Voigt model which
represents the dynamic mechanical properties of a linear viscoelastic material
over a range of frequencies of three decades is presented. This model
representation is shown to be equivalent to the differential operator formulation
of the linear viscoelastic stress-strain law. The method is applied to complex
creep compliance data for N.B.S. polyisobutylene at 22 different temperatures.

In general, the compliances calculated from the models differ from the
experimental data by less than 5%.

A summery of spring-dashpot model theory is presented in Appendix A. The
equivalence of the differential operator stress-strain relastion and the
generalized Voigt model is demonstrated in Appendix B.

Mathematical analysis DYNAMIC MECHANICAL PROPERTIES OF LINEAR

iBellistic Research laboratories, AFG

DETERMINATION OF VISCOELASTIC MODEL CONSTANTS FROM Elasticity -
Mathematical analysis|

Viscoelastic materials

Propellants -
Mechanical properties|

| VISCOEIASTIC MATERTAILS
'W. Goldberg and N. W, Dean

‘gBRL Report No. 1180 November 1962

KDA Project No. 517-06-002

| UNCIASSIFIED Report

! A semi-analytical method of determining the generalized Voigt model which
‘represents the dynamic mechanical properties of a linear viscoelastic material
‘;over a range of frequencies of three decades is presented. This model
‘representation 1s shown to be equivalent to the differential operator formulation
‘of the linear viscoelastic stress-strain law. The method is applied to complex

| creep compliance data for N.B.S., polyisobutylene at 22 different temperatures.
‘In general, the compliances calculated from the models differ from the
;experimental date by less than 5%.

{ A summery of spring-dashpot model theory is presented in Appendix A.
'}equivalence of the differential operator stress-strain relation and the
‘generalized Voigt model is demonstrated in Appendix B.

The






